
Russian Chemical Bulletin, International Edition, Vol. 54, No. 5, pp. 1084—1099, May, 20051084

Published in Russian in Izvestiya Akademii Nauk. Seriya Khimicheskaya,  No. 5, pp. 1056—1071, May, 2005.

Full Articles

1066�5285/05/5405�1084 © 2005 Springer Science+Business Media, Inc.

Modeling of physicochemical characteristics of alkanes*

E. A. Smolenskii,  A. N. Ryzhov, A. L. Lapidus, and N. S. Zef irov

N. D. Zelinsky Institute of Organic Chemistry, Russian Academy of Sciences,
47 Leninsky Prosp., 119991 Moscow, Russian Federation.

E�mail: smolensk@ioc.ac.ru

A new type of descriptors is considered, which allows for actual molecular structure in
contrast to topological indices. In order to calculate these descriptors, a total of about
600,000 alkane conformational isomers up to C16H34 were analyzed. Using the new descrip�
tors, the densities, molar volumes, and the boiling and melting points of alkanes were modeled.
The relations derived can be used for prediction of characteristics of non�studied and non�
existing compounds. The results of calculations of the melting points of all non�studied n�alkanes
up to C100H202 are reported. The possibility of calculations and prediction of the melting points
of some polyethylene�type polymers is shown.
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At present, a rather large number of schemes for the
description of structure—property relations are available.
They are based on applications of graph theory and per�
mit highly accurate calculations of a broad spectrum of
physicochemical characteristics of organic compounds.1—4

The major problem in this field consists in correct nu�
merical representation of the molecular structure. To this
end, a molecule is described using one or more param�
eters (descriptors), which can be calculated exactly (e.g.,
the number of subgraphs of a particular type containing in
the molecular graph). A particular case of descriptors is
provided by the topological indices (TIs). Usually, de�

generation occurs in this case, i.e., the same TI value can
correspond to different structures. In this case an impor�
tant characteristic of the dependence between the param�
eter under study and the TIs is informativity of the TI.5

Informativity depends on the ratio of the dispersion of the
characteristic under study over the classes into which the
set of compounds is divided (a class comprises compounds
characterized by the same TI values) to the total disper�
sion of this characteristic. In fact, informativity is the
upper limit of the squared correlation coefficient for any
theoretically possible analytical dependence of a given
property on the TI chosen, which is calculated a priori. It
should be noted that informativity similar to unity is a
necessary but not always sufficient condition for con�
struction of a correct computational scheme.

* Dedicated to Academician N. K. Kochetkov on the occasion
of his 90th birthday.
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Yet another, at least equally important, problem is to
choose the function relating the physicochemical charac�
teristic under study to the descriptors. It does not always
happen that a function, which correctly describes the de�
pendence and at the same time includes a small number
of empirical parameters, can be found.6 Rather often, the
desired function is represented by the sum of elementary
functions. But in this case the number of variable param�
eters can be too large, which may require an increase in
the number of compounds in the set and thus make the
prediction of the characteristics of non�investigated com�
pounds less reliable.

In this work we modeled the densities (ρ) molar
volumes (they depend on density), VM, at 20 °C, and
the boiling and melting points (Tb and Tm, respec�
tively) of alkanes at 760 Torr. The last�named charac�
teristic is the well�known "stumbling block" for math�
ematical modeling.7,8 Except for a few particular cases
there are no quite exact methods for calculating the al�
kane melting points as yet. For instance, highly accurate
calculations were reported,9 but only for monoalkyl�
alkanes.

In this work the correlation coefficients were calcu�
lated using the Microsoft Excel program. Experimental
data were taken from handbooks.10,11

Descriptors used in this work. Topographic indices

We began modeling the physicochemical characteris�
tics of alkanes with the use of the simplest TI, namely, the
number, n, of carbon atoms as a descriptor. The param�
eter n can also be treated as the topological distance be�
tween terminal C atoms in the n�alkane molecule, ex�
pressed through the number of C—C bonds and equal
to n – 1. Since inclusion of branched alkanes into the set
appreciably reduces informativity of the models con�
structed using the n descriptor, this TI should be used
along with other descriptors.

This complicates comparison of the models for
branched alkanes. Therefore, we also modeled the same
characteristics using the Wiener index, W,12,13 which
equals the sum of the topological distances, dik, between
all pairs of carbon atoms in a molecule:

(1)

(hereafter i and k denote the number of atoms). The
W indices of n�alkanes are calculated as follows

W(n) = (n3 – n)/6. (2)

Since these TIs ignore the actual spatial molecular
structure, we employed other descriptors, e.g., the maxi�

mum distance, lmax, between carbon atoms in n�alkane
molecules, which is given by the equation

, (3)

where the square brackets denote the integer part of the
number (the result is expressed in units of the C—C bond
length in ethane molecule, 1.54 Å).

This maximum is attained only for TT...T�conformers
(for the conformation encoding system, see Ref. 14). Simi�
lar relations for the conformations containing gauche�
fragments were used for calculating the topographic
Wiener index, W3D,15 which is analogous to the Wiener
index W, but here we deal with the geometrical distances
expressed in units of the C—C bond length in ethane
molecule rather than the topological distances. The W3D
index is a conformation�dependent descriptor calculated
as follows

(4)

(j is the number of conformer and ωj is the mole fraction
of the conformer). The average physical distance, lf, be�
tween terminal carbon atoms is calculated analogously
(only for n�alkanes)

(5)

(rfj is the distance between terminal carbon atoms for the
conformation j) and the average distance, la, between all
carbon atoms in the molecule (which can be expressed
with ease through the topographic Wiener index,16 which
makes it possible to reduce the computational resources)

. (6)

But here a new type of problems arises. The case in
point is that the geometry of any n�alkane, starting with
C4H10, is determined ambiguously, because the molecule
now has new degrees of freedom associated with internal
rotation. This problem can be solved in the framework of
the rotational isomeric approximation assuming that mol�
ecules adopt for long time only those conformations,
which correspond to minima of the internal rotation en�
ergy, and ignoring the existence of other forms. These
forms are called conformers of a molecule. The confor�
mational composition of a substance depends on the en�
ergy difference and statistical weight difference between
conformers and on temperature. But calculations of geo�
metric parameters of all conformers of higher alkanes
were impossible without employing considerable compu�
tational resources, because this requires enumeration of a
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total of 3n–3 conformers of a higher alkane CnH2n+2, ex�
clusion of identical conformers (and optical isomers, if
necessary), and calculations of the geometries of the re�
maining isomers. Finally, it is also necessary to determine
the mole fraction, ωj, of each conformer in the mixture.
The ωj values were calculated as follows

, (7)

where N is the number of conformers of a given alkane
(N values for n�alkanes are listed in Table 1) and gj is the
contribution of the jth conformer to the statistical sum in
the denominator of the fraction. The gj parameters were
calculated in the following approximations.

1. High�temperature approximation implies that the
reaction temperature is sufficiently high and the energy
difference between conformers can be ignored. In this
case the contribution of the jth conformer (gj) equals its
statistical weight sj. The statistical weight of a conformer
is called the number of variants of encoding the con�
former structure using the encoding system14 assuming
that the optical isomers are indiscernible.

gj = sj (8)

Note that degeneration of conformers is possible due
to the existence of a molecular symmetry plane, or "inver�
sion" of its encoding, i.e., replacement of the numbers
of the topologically indiscernible atoms. Therefore,
the sj parameters of n�alkanes can take the values 1 (no
degeneration), 2 (one symmetry operation), or 4 (both
symmetry operations simultaneously) and only these
values.

2. Steric approximation takes into account the fact
that the G+G–G+G– conformation of heptane molecule is
unrealizable due to superimposition of terminal carbon
atoms (heptane effect). This means that if an encoded
conformation contains such a fragment, this conforma�
tion is unrealizable and its statistical weight is zero. Strictly
speaking, the statistical weights of any conformers with

partial superimposition of carbon atoms (excluded volume
effect, Vexcl) must be set to zero

(9)

3. Additive energy approximation implies that transi�
tion from the trans� to gauche�conformation of a mol�
ecule is accompanied by an increase in the energy of the
molecule by about ET/G = 0.6 kcal mol–1.17 Then one has

gj = sjexp[–nET/G/(RT )], (10)

where n is the number of gauche�fragments in the con�
former.

4. Additive energy approximation with inclusion of
steric effects allows for the effects described in the ap�
proximations 2 and 3.

(11)

5. Pentane energy approximation assumes that the en�
ergies of the G+G–� and G–G+�conformers of pentane
molecule are 2.0 kcal mol–1 higher than the energies of
the G+G+� and G–G–�conformers of this molecule (Eas/s =
2.0 kcal mol–1).18

gj = sjexp[–(nET/G+ mEas/s)/(RT )], (12)

where m is the number of such fragments.
6. Pentane energy approximation with allowance for

steric effects is in essence the preceding approximation
with zero statistical weights of those conformers which
cannot be realized for steric reasons.

(13)

Using all these approximations, we calculated the ωj
values and the 3D�descriptors mentioned above for
branched alkanes (up to n = 10) and n�alkanes (up to
n = 16). The temperature was taken to be 510 °C, the
C—C bond length was set to 1.54 Å, the angles between
adjacent C—C bonds were considered tetrahedral, and
the angles between C—C bonds separated by a bond were
odd multiples of 60°.

In this work we introduce two new 3D�descriptors,
namely, the average surface area and the average visual�
ization volume of a skeletal molecular form (SMF). By
analogy with the molecular topological form,19,20 a skel�
etal molecular form is called a set of 3n spatial coor�
dinates

F = {xi, yi, zi} (i = 1, ..., n) (14)

of a molecule of a chemical compound containing n non�
hydrogen atoms. Construction of this set is similar to the

Table 1. Number of conformers of n�alkane molecules

n�Alkane Number of n�Alkane Number of
conformers conformers

C4H10 2 C12H26 5002
C5H12 4 C13H28 14884
C6H14 10 C14H30 44530
C7H16 25 C15H32 133225
C8H18 70 C16H34 399310
C9H20 196 C17H36 1196836
C10H22 574 C18H38 3589414
C11H24 1681
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construction of a molecular graph with omitted H atoms.
(Indeed, the omitted H atoms can be reconstructed in the
alkane molecular graphs with allowance for the valence;
approximate coordinates of these atoms can be deter�
mined with ease from the coordinates of the remaining
atoms and the bond angles). Of course, the xi, yi, zi
(i = 1, ..., n) coordinates of a Zi atom are not arbitrary,
being governed by many conditions dependent on the
bond lengths and bond angles.

Now we will divide a set of n atoms Zi into three
subsets. If for an atom Zi there exists a plane Pi pass�
ing through Zi, such that all other non�hydrogen at�
oms lie on one side of this plane (strictly speaking, in
this case we have an infinite set of such planes), the
Zi atom is called an external atom and denoted as an
element of the subset Ae (if the Zi atom is the only non�
hydrogen atom, as in the molecules of methane and vola�
tile hydride compounds, it is a priori treated as the ex�
ternal atom). If there is no Pi plane, but for the atom Zi
there is a plane Ei such that this atom belongs to Ei
and any of the remaining non�hydrogen atoms lies on
one side of Ei or belongs to Ei, the atom Zi is called a
frontier atom As. If for the Zi atom there is no Ei plane,
this atom will be called an internal atom Ai. Appar�
ently, these definitions divide the set of non�hydrogen
atoms in a molecule into three subsets. The meaning
of these definitions consists in that the external atoms
(for the molecules in which the non�hydrogen atoms do

not lie in the same plane) form a convex polyhedron,
lying at its vertices, and the internal atoms lie inside of
this polyhedron, the frontier atoms being located exactly
at the faces of the polyhedron. The geometric figure
formed by the external atoms will be called the SMF
visualization.

Let us exemplify these definitions. The cases n = 1—3
are trivial (all carbon atoms are external atoms, but the
corresponding SMF visualizations are fundamentally dif�
ferent, namely, a point, a linear segment, and a triangle,
respectively). The case for n = 4 (n�butane) has two vari�
ants. In the trans�conformation all four carbon atoms are
external atoms, while in the gauche�conformation these
atoms are also external atoms but do not lie in the same
plane, as in the former case, and form an irregular tetra�
hedron. This also concerns isobutane (all carbon atoms
are external atoms and form a regular tetrahedron). The
case for n = 5 provides the first examples of internal atoms
(quaternary C atom in neopentane molecule) and frontier
atoms (central carbon atom in the trans�conformation of
n�pentane molecule) of the SMF. But internal atoms also
exist in certain conformations of n�alkane molecules.
A simplest example is provided by the central C atom in
the G+TTG+�conformation of n�heptane molecule (and
in its optical isomer, G–TTG–�conformation) (these con�
formations can be called crab conformations). Some ex�
amples of the SMFs and SMF visualizations are given
in Fig. 1.

Fig. 1. The SMF visualizations of different molecules.
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The SMF visualization has the surface area and vol�
ume. But since the visualizations of different conformers
differ from one another, it is meaningful to consider only
the V

–
 and S

–
 values averaged over all conformations, which

can be considered as new topographic indices:

, (15)

. (16)

The S
–

 and V
–

 values are measured in units of the
squared and cubed C—C bond length in ethane molecule.

Modeling of alkane boiling points at 760 Torr

The n�alkane boiling points, Tb, were modeled using
the following relationships (here x is the descriptor):

f(x) = aln(b + x) + c, (17)

f(x) = a/(b + x)c + d, (18)

f(x) = a – bexp(–cx) (b, c > 0). (19)

Modeling of the n�alkane boiling points can be per�
formed with ease using these relations and the n descrip�
tor (see above). The use of the Wiener index, W, as the
descriptor leads to somewhat worse results. The use of the
lmax descriptor calculated using Eq. (3) gives similar and
sometimes better results compared with the calculations
based on n. Parameters of the models are listed in Table 2.
It may appear that the squared correlation coefficients for
these descriptors are virtually the same. But analysis of
the differences between the squared correlation coeffi�
cients and unity shows that each succeeding descriptor is
about an order of magnitude worse than the preceding one.

The approximations 3—6 used for calculating the W3D,
la, and lf descriptors cannot be employed to model the
boiling point. These calculations are carried out using the
temperature as parameter; therefore, we arrive at vicious
circle. The results of calculations using a set of fourteen

n�alkanes C3H8—C16H34 are listed in Table 3. For com�
parison, we also present the results of calculations using
the n and W descriptors.

The best agreement with experimental data was ob�
tained using relationships (17)—(19) and the W3D and lf
descriptors (see Table 3). Eventually, we modeled Tb us�
ing the V

–
 and S

–
 descriptors calculated for the same set

comprising fourteen n�alkanes. The corresponding results
are also listed in Table 3. Analysis of these data shows that
the model based on the S

–
 descriptor is comparable in

quality with the models constructed using TIs, being at
the same time much worse than the models based on the
topographic indices.

The changes in Tb for the series of isomeric n�alkanes
and methylalkanes are plotted in Fig. 2 (xb is the topo�
logical coordinate of the branching point of alkane,
counted from the end of the medium branch). It is clearly
seen that the slopes of the straight lines are similar for all
these series. Consider the dependence of Tb on the length,
lmin, of the shortest substituent. Figure 3 clearly demon�
strates similarity of the slopes of all straight lines. This

Table 2. Parameters (a, b, c, d) and squared correlation coefficients (r2) for the models of Tb of n�alkanes
constructed using the n, W, and lmax descriptors

Relation Descriptor a b c d r2

(17) n 316.2287 3.967426 –593.186 — 0.99992
lmax 317.5157 3.986708 –663.034 — 0.999879
W 83.65084 4.541555 –248.792 — 0.99870

(18) n –25755.1 19.67019 1.079617 899.9872 0.99862
lmax 1040.575 1.768962 –0.16601 –1391.59 0.998796
W 1138.396 1.478301 –0.05169 –1303.2 0.99603

(19) n 608.8013 732.3515 0.067757 — 0.99680
lmax 610.366 772.3777 0.054894 — 0.996835
W 468.9681 453.7791 0.001314 — 0.91

Table 3. Squared correlation coefficients (r2) for modeling of the
dependence of the boiling points of n�alkanes on different de�
scriptors

Desc� Appro� r2

ript� xima�
Relation (17) Relation (18) Relation (19))

or tion

n — 0.9999937 0.9994754 0.9998310
W — 0.9994817 0.9901738 0.9748393
W3D 1 0.9999998 0.9999569 0.9997352

2 0.9999995 0.9999548 0.9997136
lf 1 0.9998625 0.9998390 0.9999921

2 0.9999990 0.9999022 0.9999976
la 1 0.9999958 0.9999978 0.9999983

2 0.9999992 0.9999993 0.9999996
V
–

1 0.9972467 0.9853407 0.9795877
2 0.9973095 0.9847709 0.9786674

S
–

1 0.9992639 0.9991727 0.9990297
2 0.9991594 0.9990439 0.9989717
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means that Tb of monoalkylalkanes increase linearly as
the shortest branch is lengthened.

Thus, the boiling points of n�alkanes and monoalkyl�
alkanes can be approximated as follows:

Tb = f(n) + elmin + xb(fxb
3 + gxb

2 + hxb + i), (20)

where n is the number of carbon atoms (for n�alkanes) or
the total number of carbon atoms in the long branches
plus 2 (for monoalkylalkanes); and f(n) is one of the model
functions (17)—(19). Note that modeling of Tb of mono�
alkylalkanes using three independent TIs (n, xb, lmin) as
descriptors has informativity equal to unity. For compari�
son, we constructed yet another model based on the
Wiener index (calculations were performed using rela�
tion (18)), which appeared to be much worse than the
preceding model. The parameters of both models are listed
in Table 4.

Now we will compare the models based on other de�
scriptors including V

–
 and S

–
 (see above) with the

model (20). (Because in this case informativity of the
descriptor, n, differs from unity and lf is senseless, they
were not considered.) A set of twenty�seven monoalkyl�
alkanes was used. The results are listed in Table 5. The
best agreement was achieved by modeling based on the
3D�descriptors and even the use of theoretically neces�
sary and sufficient (with respect to informativity) number
of independent topological parameters does not allow to
obtain better results.

Modeling of the density of liquid alkanes

Similarly to the case for Tb, we will begin modeling of
the density of liquid n�alkanes with the use of the n de�

Table 4. Parameters (a—i) and squared correlation coefficients (r2) for the models of Tb of n�alkanes and monoalkylalkanes,
constructed using independent topological indices and the Wiener index W as descriptors

Descriptor a b c d e f g h i r2

n, xb, lmin 1038.977 1.782663 –0.16677 22.48799 –1.74566 15.95611 –49.8801 63.93199 –1393.13 0.999825
W (18) 1136.388 1.686365 –0.05189 –1304.9 — — — — — 0.99862

Fig. 3. Boiling points of monoalkylalkanes plotted vs. length of
the shortest branch: n – lmin = 8, xb = 2 (1); n – lmin = 7,
xb = 2 (2); n – lmin = 7, xb = 3 (3); n – lmin = 6, xb = 2 (4);
n – lmin = 5, xb = 2 (5).
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Fig. 2. Changes in the boiling points in series of isomeric
methylalkanes: n = 4 (1), 5 (2), 6 (3), 7 (4), 8 (5), 9 (6),
and 10 (7).
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Table 5. Squared correlation coefficients (r2) for modeling of Tb
of monoalkylalkanes using different descriptors

Desc� Appro� r2

ript� xima�
Relation (17) Relation (18) Relation (19)

or tion

n, xb, lmin — 0.995474 0.995348 0.995176
W — 0.998327 0.889852 0.974537
W3D 1 0.999767 0.998803 0.997384

2 0.999737 0.998765 0.997364
la 1 0.998549 0.998721 0.858329

2 0.998508 0.998589 0.857632
V
–

1 0.997842 0.997843 0.985581
2 0.998334 0.922281 0.985124

S
–

1 0.997289 0.997037 0.998208

2 0.997810 0.924665 0.997661
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scriptor. The model based on the W descriptor gives some�
what worse results while the model involving the lmax
descriptor provides with intermediate results. The corre�
lation coefficients and parameters of the models con�
structed using these conformation�independent descrip�
tors are listed in Tables 6 and 7.

We modeled the densities of n�alkanes C5H12—C16H34
using three 3D�descriptors considered above and the V

–

and S
–

 descriptors and all six approximations (unlike the
modeling of Tb, here we can use all approximations) using
relationships (17)—(19). The correlation coefficients and
parameters of the models are listed in Tables 6 and 8.

From the data in Table 6 it follows that the results of
density modeling using almost all 3D�descriptors (includ�
ing V

–
) are comparable with (and often, better than) the

results of modeling using the TIs. At first glance the only

exception is the S
–

 descriptor. But this is only ostensibil�
ity. The case in point is that the S

–
 and V

–
 descriptors are

related by a nonlinear relation

(21)

(parameters of this model are listed in Table 9). There�
fore, the ρ(S

–
) dependence must have the form (from

Table 6 it follows that only relationship (18) correctly
reproduces the ρ(x) dependences)

. (22)

The results of modeling are listed in Table 10. In this case
the results obtained were only slightly improved, viz., the
r2 value approached unity by ~0.0005.

Now we will consider yet another approach to the
modeling of density. From the definitions of the density,
molar weight (M), and molar volume it follows that

VM = M/ρ. (23)

Modeling of the dependence of VM on the descriptors
described above is a much simpler task, because the molar
volumes of n�alkanes continuously and monotonically
increase with the increase in the molecular sizes and
tend to +∞.

Analysis of the VM(x) dependences (Fig. 4) shows that
1) if x = n or lmax, one gets a linear dependence;
2) if x = la, lf, or S

–
, the dependence can be considered

to some extent linear only for calculating the concentra�
tions of conformers using the approximations 5 and 6;

3) is x = V
–

, W, or W3D, one gets a nonlinear depen�
dence.

Table 6. Squared correlation coefficients (r2) for modeling of the
density of n�alkanes using different descriptors (listed are the
maximum out of six values obtained in calculations using differ�
ent approximations; the number of approximation is given in
parentheses)

Descriptor r2

Relation (17) Relation (18) Relation (19)

n 0.9993849 0.9999865 0.9991867
W 0.9977767 0.9999754 0.9802286
lmax 0.9991412 0.9999544 0.9993132
W3D 0.9982547 (2) 0.9999950 (1) 0.9866265 (1)
la 0.9997225 (3) 0.9999961 (1) 0.9999060 (1)
lf 0.9998386 (5) 0.9999910 (6) 0.9998873 (3)
V
–

0.9991331 (1) 0.9999885 (2) 0.9860594 (1)
S
–

0.9988062 (1) 0.9992289 (6) 0.9996461 (1)

Table 8. Parameters of different models of density of n�alkanes, constructed using the conformation�dependent descriptors obtained
in the best approximations (see Table 6)

Desc� Relation (17) Relation (18) Relation (19)
ript�

a –b с –a b с d a b с
or

W3D 0.037276 9.82906 0.55958 0.60165 1.72231 0.326454 0.863325 0.766739 0.170148 –0.01637
la 0.086389 1.2333 0.706249 0.47743 –0.03069 1.58297 0.869161 0.811342 1.350036 –1.27351
lf 0.090222 1.61476 0.600183 0.83352 0.840372 0.816566 0.907673 0.818404 0.512877 –0.34825
V
–

0.038627 0.09859 0.690193 0.23795 0.126365 0.222933 0.916325 0.767247 0.055024 0.543411
S
–

0.085251 0.44841 0.518282 0.55916 1.260052 0.374031 0.936628 0.799978 6.26•10–6 0.109387

Table 7. Parameters of different models of the density of n�alkanes constructed using conformation�independent descriptors

Desc� Relation (17) Relation (18) Relation (19)
ript�

a –b c –a b c d a b c
or

n 0.071095 3.480113 0.595466 1.662062 1.318899 1.099153 0.845503 0.78837 0.023824 0.204781
W 0.033302 12.9849 0.560189 0.51564 –1.37544 0.239757 0.881657 0.764646 0.155592 0.009889
lmax 0.071964 1.99527 0.607737 1.26389 1.82313 1.068188 0.848262 0.788685 0.363775 0.249574
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Nonlinear dependences were described by the follow�
ing relationship

VM = a + bxc, (24)

where a, b, abd c are free parameters. The results of mod�
eling are listed in Table 11.

From Table 11 it follows that the nonlinear model
describes the VM(x) dependences better than the linear
model and that the models based on the 3D�descriptors
are better, with respect to r2 values, than the models con�
structed using conventional TIs (except for the Wiener
index). Failures of the modeling with the S

–
 descriptor are

due to nonlinear relation between this descriptor and the
V
–

 descriptor (see above).

Now consider the VM(x) (x = W, W3D, la, V
–

, S
–

) de�
pendences for a set comprising a total of twenty�five
monoalkylalkanes. (Because in this case informativity of
the n descriptor differs from unity and the lf and lmax
descriptors are senseless, they were leaved out of consid�
eration.)

In this case analysis of the VM(x) dependences (Fig. 5)
shows that

1) at x = W, W3D, or V
–

, the dependence monotoni�
cally increases;

2) at x = S
–

, the dependence for monoalkylalkanes can
be considered linear, although this is not the case for n�
alkanes;

3) at x = la, one has a family of parallel lines, all points
corresponding to isomers being at the same line. In the
last case one must model using a function of two descrip�
tors, la for monoalkylalkane and lan for corresponding
isomeric n�alkane:

VM = k(la – lan) + VM(lan). (25)

The results are listed in Table 12.
By and large, this siuation is similar to the cases con�

sidered above. The 3D�descriptors, except for S
–

, corre�
late with the molar volume much better than the Wiener

Table 10. Results of modeling of the ρ(S
–

) dependence using relationship (22)

Approxi� –m n –a b c d r2

mation

1 0.948458 1.702778 0.904706 1.179283 0.361373 1.221027 0.999567
2 0.923701 1.695705 0.858105 1.15853 0.382901 1.178117 0.999536
3 0.510738 1.593561 0.630565 0.76639 0.367549 1.069276 0.99942
4 0.465742 1.571243 0.611458 0.72711 0.362086 1.060628 0.999365
5 0.288243 1.488645 0.544149 0.573688 0.348104 1.027609 0.999234
6 0.271913 1.48745 0.538818 0.560814 0.347658 1.024989 0.999441

Table 9. Results of modeling of the S
–

(V
–

) dependence

Approxi� m k n r2

mation

1 0.026105 0.010348 2.235339 0.999664
2 0.02192 0.010603 2.22334 0.999641
3 0.00936 0.008387 2.229975 0.999694
4 0.040572 0.007583 2.255479 0.99818
5 –0.048143 0.012167 2.082952 0.997804
6 –0.006016 0.010265 2.133081 0.999725

Table 11. Squared correlation coefficients (r2) for modeling of the dependences of the molar volumes of
n�alkanes at 20 °C on different descriptors* in approximations 1—6

Desc� Model r2

riptor
1 2 3 4 5 6

W3D Nonlinear 0.999996 0.999995 0.999997 0.999995 0.999998 0.999998
la Nonlinear 0.999995 0.999987 0.999997 0.999998 0.999997 0.999997

Linear 0.992706 0.994101 0.996447 0.996949 0.998664 0.998684
lf Nonlinear 0.999987 0.999905 0.99998 0.999987 0.999957 0.999959

Linear 0.990581 0.990159 0.989374 0.990404 0.994765 0.994795
V
–

Nonlinear 0.999990 0.999996 0.999995 0.999988 0.999994 0.999993
S
–

Nonlinear 0.999559 0.999478 0.999408 0.999124 0.998527 0.999381
Linear 0.992706 0.994101 0.996447 0.996949 0.998664 0.998684

* The descriptors n (linear model), W (nonlinear model), and lmax (linear model) are conformation�indepen�
dent; therefore, they are characterized by single values of the squared correlation coefficient: 0.999959,
0.999999, and 0.999929, respectively.
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Fig. 4. Molar volumes of n�alkanes at 20 °C plotted vs. different descriptors. Approximation number: 1 (1), 2 (2), 3 (3), 4 (4), 5 (5),
and 6 (6).
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Table 12. Squared correlation coefficients (r2) for modeling of the dependences of the molar volume of
monoalkylalkanes at 20 °C on different descriptors using approximations 1—6*

Descriptor Model r2

1 2 3 4 5 6

W3D Nonlinear 0.99935 0.99937 0.99931 0.99933 0.99845 0.99845
la Nonlinear 0.99947 0.99952 0.99955 0.99956 0.99960 0.99960

Linear 0.99096 0.99159 0.99436 0.99492 0.99796 0.99798
V
–

Nonlinear 0.99875 0.99887 0.99933 0.99931 0.99542 0.99542
S
–

Nonlinear 0.99647 0.99659 0.99407 0.99368 0.98700 0.98700
Linear 0.99582 0.99543 0.99252 0.99177 0.98677 0.98677

* Modeling using the nonlinear model with the W descriptor gave r2 = 0.99819.

Fig. 5. Molar volumes of monoalkylalkanes at 20 °C plotted vs. different descriptors. Approximation number: 1 (1), 2 (2), 3 (3), 4 (4),
5 (5), and 6 (6).
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index, the best results being achieved using the la descriprot
and relationship (24).

In order to model the molar volumes of polymethyl�
alkanes, we will first consider how they depend on the
descriptors under study (see the plots in Fig. 6). From

these plots it follows that the S
–

 descriptor cannot be
used to model this dependence. Modeling with the W
and W3D descriptors can be performed using relation�
ship (24), while the la and V

–
 descriptors are applicable

only in combination with the corresponding parameters
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for n�alkanes and descriptor n (Table 13, a set of 43 com�
pounds was used):

VM = a(n + b)(la – lan) + clan
d + e, (26)

. (27)

The model constructed using three descriptors (V
–

, V
–

n
and n) provides the best results for VM. The final relation�
ship for calculating the density has the form:

. (28)

Fig. 6.* Molar volumes of polymethylalkanes at 20 °C plotted vs. different descriptors. Approximation number: 1 (1), 2 (2), 3 (3),
4 (4), 5 (5), and 6 (6).
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* Figure 6 is available in full color in the on�line version of the journal (http://www.springeronline.com) and on the web site of the
journal (http://russchembull.ru).
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Now let us predict the molar volumes of n�alkanes and
monoalkylalkanes using relation (27) and compare the
data with the results of modeling using a training set com�
prising polymethylalkanes. Here at r2 ≈ 0.977—0.985 for
the test sets one gets r2 ≈ 0.980—0.998 for monoalkyl�
alkanes and r2 ≈ 0.990—0.999 for n�alkanes (Table 14).

Parameters of the models that are common to all al�
kanes are listed in Table 15. The density itself should be
calculated using relationship (28). The set comprises a
total of eighty�four alkanes.

Modeling of alkane melting points

Undoubtedly, the melting points (Tm) of organic com�
pounds depend on their molecular structures in the most
complex fashion in spite of apparent simplicity of experi�
mental measurement of this parameter. At present, this is
the one and only physicochemical characteristic, for which
no reasonable structure—property model was proposed so
far. This fact was pointed out earlier7 and then analyzed

in more detail.5 The exceptions are a few particular cases,
e.g., calculations of Tm of monoalkylalkanes.9

In spite of a few attempts to construct computational
schemes for predicting the Tm of organic compounds,9,21

solving the problem even for alkanes seems to be unreal at

Table 13. Squared correlation coefficients (r2) for modeling of the dependences of the
molar volumes of polymethylalkanes at 20 °C on different descriptors in approxima�
tions 1—6*

Desc� r2

riptor
1 2 3 4 5 6

W3D 0.977702 0.973928 0.978215 0.970645 0.963348 0.963409
la 0.979586 0.978615 0.977973 0.977872 0.976768 0.976767
V
–

0.984692 0.982366 0.977921 0.977347 0.979670 0.979671

* For the W descriptor, one gets r2 = 0.979378.

Table 14. Squared correlation coefficients (r2) for the models of the dependence of the molar volume on the
descriptors using relationship (27) in approximations 1—6

Model r2

1 2 3 4 5 6

Prediction for n�alkanes 0.999634 0.999261 0.988766 0.990199 0.996330 0.996314
Prediction for monoalkylalkanes 0.998119 0.987861 0.993704 0.994972 0.980674 0.980236
Common model 0.994717 0.996640 0.996129 0.996033 0.995083 0.995046

Table 15. Parameters of models for the dependence of the molar volume and density
of alkanes on descriptors using relationships (27) and (28)

Approxi� a b c d e
mation

1 2.773602 –5.9354 66.45504 0.522693 81.19923
2 1.222619 –2.00362 67.17523 0.499136 80.45182
3 –0.085233 –87.32328 86.7056 0.39554 71.84099
4 –0.085701 –86.34729 87.62494 0.390412 70.85427
5 0.026873 159.9975 90.5954 0.383787 69.57025
6 0.027126 157.402 90.5168 0.384211 69.63168

Fig. 7. Predicted melting points of n�alkanes C3H8—C10H22
plotted vs. n (1) and x (2) and experimental data (3). Here and in
Fig. 8 the abscissa axis for plot (2) is given in n values corre�
sponding to the x values.
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present. Note that even the Tm of n�alkanes exhibit a
complex behavior. Figure 7 and Table 16 show that the
melting points of the even and odd n�alkanes are changed
in significantly different manner.

Consider Figs 7 and 8. At first glance it seems that one
should derive two equations for separate description of
the Tm of n�alkanes with even and odd number of carbon
atoms in the molecule. This is quite a natural desire, but it

is better to derive a general relationship using, e.g., ex�
pression (18) and the n descriptor. Parameters of the mod�
els are given below.

Parameter n x

a –25755 –25755
b 9.86 8.98
с 1.74 1.92
d 106.02 105.67

The results of calculations are listed in Table 17 and
presented in Fig. 8. The statistical characteristics of
the model are as follows: r2 = 0.9962, s = 1.45, and
cr.v.r2 = 0.9902 (abbreviation "cr.v." denotes "cross vali�
dation").

Table 16. Results of prediction of the Tm = f(n) dependence
using the parameters n (I) and x (II)

n x Tm/°C

Exper� Calculations
iment

I II

Prediction for C3H8—C10H22
3 1.33 –187.65 –183.436 –188.38
4 2.33 –138.35 –150.278 –141.24
5 2.67 –129.72 –122.653 –128.02
6 3.67 –95.32 –99.3699 –94.08
7 4.00 –90.61 –79.5458 –84.38
8 5.00 –56.80 –62.5131 –59.12
9 5.33 –53.54 –47.7599 –51.79
10 6.33 –29.67 –34.8881 –32.46

Prediction for higher n�alkanes
25 16.00 53.30 53.10 52.42
26 17.00 56.20 55.65 56.29
27 17.33 59.50 58.00 57.48
28 18.33 61.28 60.19 60.81
29 18.67 63.90 62.23 61.84
30 19.67 65.88 64.12 64.73
31 20.00 67.25 65.89 65.63
32 21.00 70.16 67.55 68.16
33 21.33 71.80 69.10 68.95
34 22.33 72.65 70.55 71.17
35 22.67 74.45 71.92 71.86
36 23.67 75.83 73.20 73.82
37 24.00 77.40 74.42 74.44
38 25.00 79.30 75.56 76.18
39 25.33 80.10 76.64 76.73
40 26.33 81.30 77.65 78.28
41 26.67 81.70 78.62 78.77
42 27.67 82.90 79.53 80.16
43 28.00 85.30 80.40 80.60
44 29.00 86.40 81.22 81.85
50 33.00 93.00 85.39 86.02
52 34.33 94.00 86.54 87.16
54 35.67 95.00 87.59 88.21
60 39.67 98.90 90.26 90.86
62 41.00 100.50 91.02 91.61
64 42.33 102.00 91.72 92.30
66 43.67 103.60 92.37 92.95
67 44.00 104.10 92.67 93.10
70 46.33 105.25 93.54 94.10
71 46.67 105.50 93.80 94.23
82 54.33 110.40 96.24 96.74
100 66.33 115.30 98.86 99.27

Fig. 8. Predicted melting points of n�alkanes C11H24—C24H50
plotted vs. n (1) and x (2) and experimental data (3).
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Table 17. Results of modeling of the Tm = f(n) using parameters
n (I) and x (II)

n x Tm/°C

Exper� Calculations
iment

I II

11 6.67 –25.65 –23.44 –25.09
12 7.67 –9.60 –13.30 –10.42
13 8.00 –6.00 –4.36 –6.08
14 9.00 5.50 3.58 5.55
15 9.33 9.81 10.65 9.02
16 10.33 16.70 16.98 18.40
17 10.67 21.72 22.68 21.22
18 11.67 28.10 27.82 28.90
19 12.00 32.00 32.48 31.22
20 13.00 36.70 36.72 37.59
21 13.33 40.35 40.87 40.56
22 14.33 44.50 44.54 46.21
23 14.67 47.35 47.92 47.95
24 15.67 50.75 51.05 52.75
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Let us consider the C11H24—C24H50 n�alkanes as the
training set and more light n�alkanes as the test set. We
will "predict" the melting points of n�alkanes from C3H8
to C10H22; methane and ethane were leaved out of con�
sideration, because their Tm do not obey this dependence,
being outliers. The results of our prediction are shown in
Fig. 7 and listed in Table 16. Experimental points readily
begin to deviate from the predicted values, the deviation
being as large as 12 °C at n = 4 at r2 = 0.9659 and s = 10.61.
From these data it follows that the model using relation�
ship (18) has "good" statistical characteristics but is inap�
propriate for the description of the Tm(n) dependence.
The n descriptor ignores peculiar features of the molecu�
lar structure, which govern the characteristic under study.

Although n�alkanes have a large number of conforma�
tional isomers,14 one can assume that they crystallize in
one, most energetically favorable TT...T�conformation.

In this connection let us consider the following situa�
tion. Let the X axis begin at a terminal carbon atom (CMe),
being directed along the line of the CMe—CCH2

 bond.
Then the desired parameter is the coordinate, x, of the
other terminal atom, CMe, i.e., the projection of the topo�
graphic distance between terminal carbon atoms in the
molecule on the direction of the first C—C bond for the
TT...T�conformation. In fact we now have the following
parameter (rather than the n parameter)

x(n) = n – 1 – (2/3)[(n – 1)/2], (29)

where the square brackets denote the integer part of a
number. This parameter allows for the character of the Tm
dependence on the evenness of n for the first members of
homologous series. We performed calculations using rela�
tionship (18), the x descriptor, and the same data for
n�alkanes as for the preceding model. The results of cal�
culations are listed in Table 17 and in Fig. 8. Statistical
characteristics of the model (r2 = 0.9988, s = 0.80,
cr.v.r2 = 0.9984) suggest that it offers considerable advan�
tages compared to the model based on the n descriptor.
The results of prediction (in fact, extrapolation) for the
C3H8—C10H22 n�alkanes are shown in Fig. 7 and listed in
Table 16. Indeed, the model involving relationship (18)
and the x descriptor has much better statistical character�
istics compared to the model based on the n descriptor
(r2 = 0.9926 and s = 4.94 vs. r2 = 0.9659 and s = 10.51,
respectively). Apparently, the parameter x better reflects
those structural features of n�alkanes, which govern the
Tm values. The x descriptor can be treated as a kind of the
so�called topographic indices.15 Because this parameter
characterizes the TT...T�conformation, the results ob�
tained substantiate the assumption that crystallization oc�
curs in the minimum�energy conformation (see above).

The test set can be extended by including all known
experimental data for the C25H44—C100H202 n�alkanes.
Let us compare the predictive power of the models based

on the n and x descriptors taking this set as an example
(Tm values for a total of thirty�two hydrocarbons from this
set are available10,11). The results are r2 = 0.8231 and
s = 7.19 for n and r2 = 0.8406 and s = 6.83 for x. As can be
seen, the x descriptor is somewhat better than the n de�
scriptor (see Table 16). This is due to the fact that even�
ness of the n value plays a much less significant role for
higher n�alkanes compared to lower n�alkanes.

The most interesting consequence of using the topo�
graphic index x is the possibility of constructing a model
based on the x descriptor and relationship (18). The model
allows the melting points of n�alkanes with even n
(n = 4, 6, ..., 14, r2 = 0.9947, s = 3.97) to be pre�
dicted from the melting points of n�alkanes with odd n
(n = 3, 5, ..., 15; r2 = 0.9995, s = 1.66) and vice versa.
Similar modeling using the n descriptor is senseless, which
again confirms that the x parameter much better reflects
structural features of n�alkanes.

The final results of calculations of the a, b, c and d
coefficients using relationship (18) and all fifty�four Tm
values are listed in Table 18. Here, the model with the x
descriptor gives r2 = 0.9988 and s = 2.36 (cf. r2 = 0.9975
and s = 3.46 for the model based on n). Of particular
interest are the results of calculations of the limiting cases
for expression (18) using the x descriptor. Unexpectedly,
substituting x = 0 into this relationship (using the coef�
ficients taken from Table 18) gives T(0) = –274 °C,
which is very similar to the absolute zero of temperature
(–273.15 °C). This allows one to reduce the number of
parameters in relationship (18) using the following con�
dition

f(x = 0) = –273.15 °C. (30)

When using the n descriptor, relationship (18) gives a
value T(0) = –371.68 °C, which has no physical meaning.

A more expected result is given below:

lim f(x)|x→+∞ = d ≈ 117.73 °С. (31)

This means that the melting points of n�alkanes con�
taining as large number of carbon atoms in the molecule
as is wished will be no higher than 117.73 °C. One would
assume that the melting point of polyethylene (PE) will
approach this value, but Tm(PE) lies in the interval
105—115 °C. This is probably to the fact that half PE
macromolecules contain the terminal double bonds and
that individual PE macromolecules have different chain
lengths (because of this, the compound can exhibit the
properties of an eutectic mixture). Besides, experimen�
tally produced PE macromolecules have long but finite
chains. But even if one would obtain a pure n�alkane with
n > 1000, such a compound would exhibit the properties
of PE and have a Tm of about 118 °C. At the same time
from this limiting relation it follows that there is no tech�
nological procedure suuitable for the synthesis of PE with
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Tm > 117.73 °C. Thus, the limiting relations like expres�
sion (31) can be used to predict certain properties of
polymers, e.g., Tm of polyethylenes. This is a crucially
important issue, because solving this problem will permit
the synthesis of polymers with improved heat resistance.
For instance, replacement of every ninth methylene unit
in PE by a Me group reduces the melting point of the
polymer down to –2 °C.22

Table 19 lists the predicted Tm values of those n�al�
kanes with n < 100, for which no experimental data are
available in the literature,10,11 and of a number of heavier
alkanes. The results of calculations for n = 1000 and
n = 10000 closely approach the limiting value (31).

Now we will plot the melting points of 2�methylalkanes
vs. Tm of corresponding n�alkanes (Fig. 9). We get a
linear plot (the absolute term equals –15.9061, the slope
is 1.0609; and r2 = 0.998716). Thus, itis possible to

Table 18. Comparison of the results for modeling of the depen�
dence of the melting points of n�alkanes on x with experimen�
tal data*

n Tm/°C n Tm/°C

Experi� Calcula� Experi� Calcula�
ment tions ment tions

3 –187.65 –185.15 30 65.88 68.02
4 –138.33 –140.35 31 67.25 69.05
5 –129.72 –127.67 32 70.16 71.93
6 –95.32 –94.87 33 71.80 72.84
7 –90.60 –85.42 34 72.65 75.39
8 –56.80 –60.65 35 74.45 76.19
9 –53.53 –53.42 36 75.83 78.46
10 –29.67 –34.24 37 77.40 79.18
11 –25.65 –28.58 38 79.30 81.21
12 –9.60 –13.41 39 80.10 81.85
13 –6.00 –8.88 40 81.30 83.66
14 5.50 3.33 41 81.70 84.24
15 9.81 7.01 42 82.90 85.87
16 16.70 16.99 43 85.30 86.39
17 21.72 20.02 44 86.40 87.87
18 28.10 28.29 50 93.00 92.83
19 32.00 30.81 52 94.00 94.21
20 36.70 37.75 54 95.00 95.47
21 40.35 39.88 60 98.90 98.69
22 44.50 45.75 62 100.50 99.60
23 47.35 47.56 64 102.00 100.45
24 50.75 52.58 66 103.60 101.24
25 53.30 54.14 67 104.10 101.43
26 56.20 58.46 70 105.25 102.66
27 59.50 59.81 71 105.50 102.82
28 61.28 63.57 82 110.40 105.95
29 63.90 64.73 100 115.30 109.15

* Parameter x is calculated for a given n value using relation�
ship (29), the parameters a, b, c, and d are equal to –25755,
9.73, 1.85, and 117.73, respectively.

Fig. 9. Melting points of methylalkanes (Tm) plotted vs. melting
points of corresponding n�alkanes (Tm´): experimental data (1)
and results of calculations (2).
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Table 19. Prediction of Tm using relationship (18) and the
x descriptor for n�alkanes with unknown Tm

n Tm/°C n Tm/°C n Tm/°C

45 88.34 73 103.45 90 107.57
46 89.68 74 103.90 91 107.66
47 90.11 75 104.04 92 107.92
48 91.33 76 104.46 93 108.01
49 91.72 77 104.60 94 108.25
51 93.19 78 104.99 95 108.34
53 94.53 79 105.12 96 108.57
55 95.77 80 105.49 97 108.65
56 96.63 81 105.61 98 108.87
57 96.90 83 106.07 99 108.94
58 97.70 84 106.39 120 111.37
59 97.95 85 106.50 150 113.35
61 98.92 86 106.81 200 115.05
63 99.82 87 106.91 500 117.20
65 100.65 88 107.20 1000 117.57
68 101.97 89 107.30 10000 117.72
69 102.15

construct a model for prediction of Tm of the simplest
alkanes.

Finally, we propose a hypothesis concerning the prob�
lem of abnormally high Tm values of some highly branched
polymethylalkanes. The case in point is that the melting
points of three out of four compounds are much higher
than those of isomeric n�alkanes (Table 20).

The use of the S
–

—V
–

 diagram (Fig. 10) for alkanes
allows one to clarify the problem. Two groups of com�
pounds, which do not fall on the common curve, are
clearly seen. One group includes the alkanes containing a
dustant tert�butyl group. The corresponding points are
grouped and form a "cluster" in the middle part of the
plot. The other group of compounds comprises neo�
pentane, its derivatives, and hexamethylethane; here, no
"cluster" is formed, the corresponding points being outli�
ers. Probably, this is a reason for abnormally high melting
points of these compounds.
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*               *               *

Thus, it seems that the topographic indices (W3D, la,
lf, lmax, S

–
, V

–
, and x) based on the physical distance more

correctly describe the molecular structure compared to
the W and n parameters based on the topological dis�
tance. Apparently, numerous topological indices, which
ignore the spatial arrangement of atoms in molecules, are
of limited use in the QSPR studies compared to the topo�
graphic indices.

This work was carried out with partial funancial sup�
port from the Chemistry and Materials Science Division

of the Russian Academy of Sciences (in the framework of
the Program No. 1).
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Table 20. Anomalies of alkane melting points (Tm)

Compound Tm/°C

Alkane Isomeric Other
n�alkane isomers

Neopentane –16.55 –129.723 –159.890

Methylneopentane –99.73 –95.320 –153.680—–128.41

Pentamethylethane –24.93 –90.605 –134.46—–118.27

Hexamethylethane +100.81 –56.798 –126.10—–90.870

Fig. 10. The S
–

—V
–

 diagrams for n�alkanes (1), alkanes with
abnormally high Tm (2), and branched alkanes (3) (calculated in
the approximation No. 2).
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